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Transverse Normal Strain Effects on Thermal Stress
Analysis of Homogeneous and Layered Plates

E. Carrera∗

Politecnico di Torino, 10129 Turin, Italy

A study of the transverse normal strain effect on the static thermoelastic response of homogeneous and multilay-
ered plates is presented. Numerical evaluations have been given for classical, refined, and advanced zig–zag plate
theories. Constant, linear, and higher-order forms of temperature profile in the plate thickness direction have been
accounted for. Basic assumptions of the considered theories are quoted. The related governing equations are not
given because these were derived from a unified formulation that was described elsewhere. Closed-form solutions
are discussed by addressing three plate problems: a homogeneous plate made of an isotropic layer; a two-layered
plate consisting of two layers made of different isotropic materials; a multilayered composite plate made of three
cross-ply layers. It has been confirmed that any refinements of classical models are generally meaningless, unless
the effects of transverse shear and normal strains are both taken into account in a plate theory. Furthermore, it
has been found that transverse normal strains cannot be discarded even though thin plates are considered and
the accurate description of the temperature profile in the plate thickness direction could result to be meaningless,
unless transverse normal strains are taken into account, and vice versa.

I. Introduction

K OITER, in his lecture on two-dimensional modeling of tra-
ditional isotropic shells,1 on the bases of energy considera-

tions, stated the following Koiter’s recommendation (KR): “a re-
finement of Love’s first approximation theory is indeed meaning-
less, in general, unless the effects of transverse shear and normal
strains (stresses) are taken into account at the same time.” More
general and systematic substantiation of Koiter’s conclusion can be
read in the books by Goldenvaizer2 and Cicala3 in which the method
of asymptotic expansion of the three-dimensional governing equa-
tions is employed. The evaluation of transverse normal strain effects
on the bending and vibration of multilayered plates and shells has
recently been provided in Refs. 4 and 5. Amendments of Koiter’s
recommendation (KR1) were proposed in these works according to
the statement: “any refinements of classical models are meaningless,
in general, unless the effects of interlaminar continuous transverse
shear and normal stresses are both taken into account in a multilay-
ered plate/shell theory.”

Transverse normal strain εzz (see Fig. 1 for geometrical nota-
tions) can, in general, exist even though transverse normal stress
σzz is discarded. However, transverse normal strain is expected to
be the most important contribution to σzz . In the present work, at-
tention is therefore restricted to transverse normal strain. In spite
of the preceding recommendations, most of the available refine-
ments of classical theories [such as the classical lamination theory
(CLT), which is based on Kirchhoff’s assumptions, and the first-
order shear deformation theory (FSDT), which is based on the so-
called Reissner–Mindlin assumptions] that have been proposed for
homogeneous (one-layered) and multilayered (anisotropic) plates
and shells do not account for εzz . A discussion on this point, for the
case of pure mechanical problems, can be found in Refs. 4 and 5.
The main causes of violating KR lie in the intrinsic coupling ex-
perienced by isotropic and orthotropic materials between in-plane
stresses σxx , σyy , and transverse strain εzz and vice versa. Two conse-
quences of such a coupling are, in fact, 1) the differential equations
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that govern the static and dynamic behaviors of plate/shell structures
are more difficult to obtain and solve, compared to those related to
theories that discard εzz ; and 2) it is difficult to develop multilayered
plate/shell theories that are able to a priori fulfill interlaminar equi-
libria for both transverse shear (σxz, σyz) and normal stresses (σzz).
See the recent discussion provided in Ref. 6.

The attention of this work has been focused on the evaluation of
transverse normal strain εzz effects for static, thermoelastic problems
of homogeneous and multilayered composite plates. The interest
in thermal stress analysis of the structures of launch/reentry ve-
hicles, fighter aircraft, biomedical retina, reactor vessels, turbines,
advanced optical mirrors, semiconductor technologies, and space
antennas is well established in the open literature.7

To introduce the discussion that will be detailed in the following
sections, let us consider a temperature distribution T (x, y, z) in the
plate domain V (plate volume). It is assumed that T (x, y, z) can be
written in the form

T (x, y, z) = TP(z)T�(x, y) (1)

where TP(z) represents the temperature profile across the plate
thickness coordinate z, whereas T�(x, y) is the temperature dis-
tribution over the reference surface domain �. Different forms of
the temperature profile TP(z) (see Fig. 2) and their implications on
the displacement field are discussed next.

Case 1: TP(z) has constant distribution in the thickness direction.
A plate made of isotropic materials heated by constant distribution

TP(z) = T0 (2)

is first considered. The associated in-plane and transverse normal
thermal strains are

εxxT = εyyT = εzzT = αT0 (3)

where α is the coefficient of thermal expansion and subscript T un-
derlines that the written strains represent the contribution coming
from the temperature loadings. In the most general case, in fact,
strains are also caused by geometrical (constraints) and/or mechan-
ical (forces) boundary conditions. The following statement (S1) can
be made: The order of magnitude of transverse thermal strains εzzT

is the same as that of the in-plane εxxT and εyyT ones. The field of
transverse displacement uz in the direction of the plate thickness
can be calculated from

εzzT = uzT ,z (4)
2232
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Fig. 1 Plate geometry and notations.

a) b) c)

Fig. 2 Possible temperature profile in the plate thickness direction
TP(z): a) constant, b) linear, and c) higher order.

where the comma denotes partial derivatives. Upon integration in z,
one obtains

uzT = u0
z + αT0z (5)

The following statement (S2) can be made: Plate theories with at
least a linear transverse displacement field in the z direction are re-
quired to capture the transverse normal strain caused by the constant
distribution of temperature across the thickness. CLT and FSDT are
inadequate for this purpose. The in-plane displacement could be
constant. To capture the bending caused by the constraints and/or
to other loadings, the linear form is usually required for ux and
uy .

Case 2: TP(z) is linear distribution in the thickness direction. Let
us consider a linear temperature profile across the plate thickness,

T (z)P = T0 + T1z (6)

According to what has been done for case 1, one obtains

εxxT = εyyT = εzzT = α(T0 + T1z) (7)

so that

uzT = u0
z + αT0z + αT1z2 (8)

The following statement (S3) follows: Plate theories with at least
a quadratic transverse displacement field in the z direction are re-
quired to capture transverse normal strain caused by the linear
distribution of temperature across the thickness. The in-plane dis-
placements ux and uy are at least required to be linear in z.

In the most general case, the form of TP(z) is a result of the solu-
tion of a heat-conduction problem. This calculated TP(z) turns out
to be a nonlinear polynomial of z, often of a transcendental form.8

In the case of a thick multilayered structure, TP(z) would require
a layerwise description (S4),9 that is: plate theories with higher-
order (or layerwise) displacement fields are required to capture a
temperature profile obtained from the solution of a heat-conduction
problem.

A. Brief Literature Overview
Three-dimensional solutions of thermal stress problems related

to laminated plates have been given by Bapu Rao.10 Murakami,11

and Bhaskar et al.12 Examples of three-dimensional solutions, in the
case of coupled heat-conduction thermal-stress problems, have been
considered by Tungikar and Rao8 and Savoia and Reddy.13 These
three-dimensional works play a fundamental role in the assessment
of approximated two-dimensional plate theories. Examples of two-
dimensional plate theories are given in the following.

The importance of transverse normal strain on the thermal stress
analysis of plates and shells has been known since the work by
Hildebrand et al.14 and before the Koiter recommendation already
mentioned. These authors introduced the following displacement
field:

ux (x, y, z) = u0
x (x, y) + zu1

x (x, y)

uy(x, y, z) = u0
y(x, y) + zu1

y(x, y)

uz(x, y, z) = u0
z (x, y) + zu1

z (x, y) + z2u2
z (x, y) (9)

where u0
x , u0

x , u0
x are the values of displacements that correspond to

the plate-reference surface � and u1
x , u1

x , u1
x , and u2

z are the addi-
tional variables defined on �. FSDT is obtained by neglecting the
two terms u1

z , u2
z . Nevertheless, according to S3, these two terms are

necessary to capture thermal loadings caused by linear TP(z) while
the in-plane components can remain linear in z.

The generalization to the third-order expansion for the three dis-
placement components has recently been discussed by Jonnalagadda
et al.15:

ux (x, y, z) = u0
x (x, y) + zu1

x (x, y) + z2u2
x (x, y) + z3u3

x (x, y)

uy(x, y, z) = u0
y(x, y) + zu1

y(x, y) + z2u2
y(x, y) + z3u3

y(x, y)

uz(x, y, z) = u0
z (x, y) + zu1

z (x, y) + z2u2
z (x, y) + z3u3

z (x, y)

(10)

Numerical evaluations were given for an orthotropic plate and a
linear temperature profile TP(z) as in case 2.

Cho et al.16 introduced a higher-order theory (HOT) in the indi-
vidual layers. A beam-type plate in the x direction was considered,
and the displacement field was assumed to be independent in each
discrete k layer:

uk
x (x, z) = uk0

x (x) + zuk1
x (x) + z2uk2

x (x) + z3uk3
x (x) + αk

x T0(x)

uk
z (x, z) = uk0

z (x) + zuk1
z (x) + z2uk2

z (x) + αk
z T0(x) (11)

where αk
x and αk

z are the thermal expansion coefficients of the
k layer in the x and z directions, respectively. The displacement
field of Eq. (2) is enhanced by adding parabolic and cubic terms
to the in-plane displacement expansion and by introducing the dis-
placement components as a result of temperature heating. The latter
was considered uniform in z, as in case 1.

The Murakami zig–zag function (MZZF) was introduced by Ali
et al.17 to improve HOT for their application to laminate composite
cross-ply plates. The displacement model in Ref. 17 is

ux (x, y, z) = zu1
x (x, y) + z3u3

x (x, y) + M(z)u4
x (x, y)

uy(x, y, z) = zu1
y(x, y) + z3u3

x (x, y) + M(z)u4
y(x, y)

uz(x, y, z) + u0
z (x, y) + z2u2

z (x, y) (12)

where M(z) is the MZZF, which will be dealt with in detail in
Sec. III. Because it was applied to laminates constituted by layers
with the same thermal expansion coefficient in the thickness direc-
tion, the use of MZZF was restricted to in-plane displacements. KR
was taken into account by Eq. (12). Attention was restricted to sym-
metrically laminated plates that were only bent by linear TP(z). As
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a consequence, the odd terms of the displacement expansions were
omitted.

More recent works have been proposed by Gu et al.18 and Zhao
et al.19 Interest in accurate stress evaluation was clearly declared in
the latter articles. A third-order temperature profile was introduced
in Ref. 18:

TP(z) = T0 + zT1 + z2T2 + z3T3 (13)

The used plate theory referred to a refinement of FSDT, according
to the following displacement fields:

ux = u0
x − zuz,x + g(z)u1

x (x, y)

uy = u0
y − zuz,y + g(z)u1

y(x, y), uz = u0
z (14)

where g(z) is cubic function of z. Transverse normal strains were
discarded in Ref. 18 by violating KR and the S1–S4 statements.
The same has been done in many other works that have not been
mentioned here (see the review by Tauchert,20 Noor and Burton,21

Argyris and Tenek,22 Carrera,23 and Carrera and Ciuffreda24).

B. Contents of This Work
This aim of this work is to contribute to a better understanding of

the effect of transverse normal strain εzz on the response of homoge-
neous and laminated plates, subjected to heating. Classical theories
originally developed for isotropic one-layered plates, refined theo-
ries, and advanced zig–zag theories6 that have been developed for
multilayered plates were all considered and compared. Attention
was restricted to those theories in which the number of independent
variables is independent of the number of the constitutive layers.
These are also known as equivalent single-layer models. Examples
of these types of theories are those in Eqs. (9), (10), (12), and (14).
A discussion on layerwise models, in which the number of the vari-
ables is kept dependent on the number of the constitutive layers
such as those at Eq. (11), has been omitted. One of these will in-
stead be employed to provide a quasi-three-dimensional solution for
the composites plates discussed in Sec. III.

ESL models have been implemented by employing the unified for-
mulation that was already used in Refs. 9, 23, and 24. Up to fourth-
order displacement fields in the thickness direction are considered,
and the effect of transverse normal strain εzz has been evaluated
for each of the implemented models. Both classical theories with
only displacement unknowns (formulated on the basis of principle
of virtual displacements) and advanced theories with displacement
and transverse stress unknowns [formulated on the basis of Reiss-
ner mixed variational theorem (RMVT)] have been considered. The
theories and results of one-layered (homogeneous) and multilayered
(nonhomogeneous) plates are discussed in Secs. II and III, respec-
tively. Section II deals with an isotropic plate. The available theories
are described: displacement models related to the CLT, FSDT, and
HOT, including and discarding transverse strain effects are writ-
ten. The most representative results, in terms of displacements and
strains, are given in the form of diagrams and tables. Constant and
linear forms of TP(z) are investigated. Theories for multilayered
plates are described in Sec. III. Zig–zag theories that make use of
the MZZF as well as those based on RMVT are briefly considered.
Results are given for a two-layered plate made of two isotropic
metallic materials and for a three-layered composite plate for which
three-dimensional solutions were provided in Ref. 17. Evaluations
are given for constant and linear temperature profiles. In the latter
case, a comparison is made between the calculated and assigned
temperature profile.

The plate theories have been written according to the unified
formulations provided by the author in recent papers9,23,24 and ex-
tensively described in Refs. 25 and 26. For the sake of conciseness,
the derivation of governing equations and a detailed description of
the employed closed-form solution procedure have been omitted.
Those readers who are interested can refer to the previously men-
tioned papers for details.

II. Homogeneous Plate Constituted by One Layer
of Isotropic Material

A. Plate Theories
The plate theories that are applied to analyze the response of a

classical one-layered plate made of isotropic materials are detailed
next.

CLT

The simplest known plate theory, namely, the classical lamination
theory (CLT), is based on Kirchhoff’s thin plate assumptions (see
Ref. 27). Transverse shear strains as well as transverse normal strains
are neglected. The displacement is represented by

ui = u0
i − zuz,i i = x, y

uz = u0
z (15)

where superscript 0 denotes the displacement values on �, which
is the reference plane of the plate. (In most cases � coincides with
the middle surface of the plate.)

FSDT
The inclusion of transverse shear strains leads to the following

representation of the displacement quantities:

ui = u0
i + zφi i = x, y

uz = u0
z (16)

This first-order shear deformation theory (FSDT) is also known as
the Reissner–Mindlin plate theory (see Ref. 27). In this theory, a
first-order Taylor-type expansion of displacement unknowns in the
neighborhood of the reference surface � is considered. And φx , φy

represent the rotations of the normal to � in the two planes x–z and
y–z, respectively. These rotations can also be expressed in terms of
transverse shear strains:

φx = εxz − u3,x , φy = εyz − u3,y

For convenience, the FSDT model is rewritten according to the
following array form:

u(x, y, z) = F0(z)u0(x, y) + F1(z)u1(x, y) (17)

The polynomials used in the expansion take on the following values:

F0(z) = 1, F1(z) = z

The boldfaced letter denotes arrays:

u0(x, y) = [ux0(x, y), uy0(x, y), uz0(x, y)]

u1(x, y) = [ux1(x, y), uy1(x, y), uz1(x, y)]

The displacement unknowns are

ux0(x, y) = u0
x , uy0 = u0

y

uz0(x, y) = u0
z , ux1(x, y) = φx , uy1 = φy

uz1(x, y) = 0 (18)

This last condition underlines that transverse normal strains are dis-
carded in FSDT formulated plate modelings, that is, KR is violated
by FSDT. CLT results could be obtained by applying a penalty tech-
nique to the shear correction factor in the FSDT case.
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Inclusion of Transverse Normal Strain in FSDT
Transverse normal strain can be included by generalizing the

representation provided in Eq. (17) and incorporating the transverse
normal strain. The explicit form of the displacement field is

ux = F0(z)u0x + F1(z)u1x , uy = F0(z)u0y + F1(z)u1y

uy = F0(z)u0z + F1(z)u1z (19)

The FSDT can be considered as a particular case of the preceding
model in which the constraint expressed by Eq. (18) is imposed.

Higher-Order Theories

The displacement model in Eq. (19) can be easily extended to a
higher-order Taylor expansions:

u(x, y, z) = F0(z)u0(x, y) + F1(z)u1(x, y) + · · ·
+ · · · FN (z)uN (x, y) (20)

or, by introducing Einstein’s convention for repeated indexes,

u(x, y, z) = Fτ (z)uτ (x, y) τ = 0, N (21)

where

Fτ (z) = zτ

For the sake of convenience, this displacement model is put in the
form

u(x, y, z) = Ft (z)ut (x, y) + Fb(z)ub(x, y)

+ Fτ (z)uτ (x, y) τ = 2, N (22)

where

Ft (z) = 1, Fb(z) = z, Fτ (z) = zτ , τ = 2, N

With respect to Eq. (20), the constant and linear terms are now
denoted with subscripts t and b, respectively.

B. Results
An isotropic plate made of aluminum alloy 5086 is first consid-

ered. By referring to known notations, the thermomechanical data
are7 E = 70,300 MPa, ν = 0.33, and α = 24.E–6 1/K . A rectan-
gular plate, simply supported at the edges,23 subjected to harmonic
distribution of in-plane temperature is considered:

T�(x, y) = sin(mπ/a)x sin(nπx/a)y (23)

where a and b are the plate lengths in the x and y directions, re-
spectively, and m and n are the corresponding wave numbers. The
values a = b and m = n = 1 are treated in the numerical analysis.
For the sake of simplicity, we assign the meaning of temperature
heating starting from an environmental temperature (Te, which can
assume any value) to TP(z). The two cases of temperature profile
TP(z) discussed in the Introduction have been investigated: 1) A
constant (z-independent) heating

T 0
P (z) = T0 (24)

A unit increment of T0 is considered in the numerical investigation.
2) A linear increment of amplitude T0 around Te is considered in the
second case:

T 1
P (z) = T0(2/h)z (25)

Also in this case, a unit value of T0 has been used in the numerical
investigation, so that it leads to an increment of 1 K and −1 K corre-
sponding to the top and bottom plate surfaces, respectively. Various
values of the thickness parameters a/h have been investigated.

The case of constant heating has been dealt with in Table 1. Thick
(a/h = 4) and thin (a/h = 100) plate results are quoted. The results
related to CLT and to four HOT (related to linear up to fourth order

Table 1 Transverse normal strain effects in isotropic plates [the
analysis of the order of expansion on the accuracy of ux(0, b/2,

h/2) ×× a/h for the considered theories: the T0
P case]

a/h = 4 a/h = 100

Theory εzz �= 0 εzz = 0 εzz �= 0 εzz = 0

CLT —— −0.1213E−3 —— −0.7582E−1
N = 1 −0.8262E−4 −0.1213E−3 −0.5080E−1 −0.7582E−1
N = 2 −0.8910E−4 −0.1213E−3 −0.5081E−1 −0.7582E−1
N = 3 −0.8929E−4 −0.1213E−3 −0.5081E−1 −0.7582E−1
N = 4 −0.8930E−4 −0.1213E−3 −0.5081E−1 −0.7582E−1

a) ux (0, b/2, z) ×× a/h

b) uz (a/2, b/2, z) ×× (a/h)2

Fig. 3 Through-the-thickness distribution of the in-plane and out-of-
plane displacements of an isotropic thick plate (a/h = 4): T0

P case.

N values) are compared. The effect of εzz has been evaluated for the
latter four theories. FSDT analysis coincides with N = 1 and εzz = 0
cases. The following remarks can be made. It has been confirmed
that displacements of isotropic plates are not significantly affected
by the order N in the case of thin plates and barely evident in thick
plate geometries. It has instead been found that transverse normal
strain plays a very relevant role in both thin and thick plate cases:
results obtained by neglecting εzz can be about 40 to 50% lower
than those obtained by retaining εzz . Furthermore, the improvements
of N increasing can be appreciated if and only if εzz is retained
in the formulation. It can be noticed that while the error vanishes
in thin plates subjected to pure mechanical loadings4 (as well as in
free-vibration problems,5 it has here been found that such an error
can be very significant in both thin and thick plates if a thermal
stress problem is addressed. This conclusion confirms KR as well
as statement S1.

Distribution of in-plane and out-of-plane displacements are given
in Figs. 3 and 4 for the T 0

P case. The following five theories are
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a) ux (0, b/2, z) ×× a/h b) uz (a/2, b/2, z) ×× (a/h)2

Fig. 4 Thin-plate case (a/h = 100) of Fig. 3.

a) ux (0, b/2, z) ×× a/h b) uz (a/2, b/2, z) ×× (a/h)2

Fig. 5 Through-the-thickness distribution of the in-plane and out-of-plane displacements of an isotropic thick plate (a/h = 4): T1
P case.

compared: CLT, the two HOTs related to N = 1, 3, and the two cor-
responding cases related to εzz = 0. The latter have been denoted as
N = 1d and N = 3d in the plots. The in-plane displacement distri-
bution varies in the z direction if, and only if, the transverse normal
strain is retained in the analysis. The variation of transverse displace-
ments is very important in both thick and thin plates. Almost the
same results are obtained by those theories that discard transverse
normal strains, for example, CLT, N = 1d , and N = 3d analysis.

The case of linear distribution T 1
P has been addressed in Figs. 5

and 6. The in-plane and out-of-plane displacements have a linear
and parabolic distribution in z, respectively. The conclusions made
for the T 0

P case are confirmed. In addition, it is observed that N = 1
analysis can be ineffective even though transverse normal strains
are retained in the formulation. This fact confirms statement S3.

In-plane and transverse normal strains are directly compared in
Fig. 7 for the various cases. A comparison between the in-plane
εxx and-out-of-plane εzz normal strains is given for thick and thin
plates. Constant and linear TP(z) distributions are considered. The
following should be noticed:

1) The εxx and εzz show the same order of magnitude for both
thin and thick plates, as declared in statement S1.

2) The εxx as well as εzz barely change with a variation of the plate
thickness. These mostly depend on α and T0, which are independent
of a/h.

The latter conclusion confirms that transverse normal strains re-
main significant even though thin plates are considered.

III. Multilayered Plates
A. Considered Plate Theories

The discontinuity of thermomechanical properties at the layer in-
terfaces could make the plate theories discussed in the preceding

section inadequate for the analysis of multilayered plates. These
structures, in fact, exhibit a displacement field in the plate thickness
direction that shows discontinuous derivatives at the layer inter-
faces. This is the so-called zig–zag effect. Furthermore, transverse
shear and normal stress must be continuous at the interface for equi-
librium reasons. Many contributions have been presented in open
literature to introduce both interlaminar continuity (IC) and zig–zag
(ZZ) effects in laminated plates. In a recent historical review,6 these
contributions were grouped as Lekhnitskii’s multilayered theory,28

Ambartsumian’s multilayered theory,29 and Reissner’s multilayered
theory.30 Those ZZ theories that have been considered in this work
are briefly discussed.

Incorporation of Zig–Zag Effects via MZZF
CLT, FSDT, as well as the HOT considered in the preceding sec-

tion, are not able to describe the ZZ effect. The discontinuity of the
first derivative at the layer interfaces can be incorporated by em-
ploying the Murakami zig–zag function. The MZZF was originally
proposed in Ref. 31 in the framework of RMVT applications. An
assessment on the use of MZZF in the modeling has recently been
provided in Ref. 32.

According to Fig. 8, zk is the layer thickness coordinate. The
dimensionless layer coordinate ζk = zk/2hk (hk is the thickness of
the kth layer) is considered. MZZF was defined according to the
following formula:

M(z) = (−1)kζk (26)

M(z) has the following properties: it is a piecewise linear function of
the layer coordinates zk; M(z) has unit amplitude for the whole lay-
ers; and the slope M ′(z) = dM/dz assumes opposite signs between
two adjacent layers. (Its amplitude is layer thickness dependent.)



CARRERA 2237

a) ux (0, b/2, 0) ×× a/h b) uz (a/2, b/2, z) ×× (a/h)2

Fig. 6 Thin-plate case (a/h = 100) of Fig. 5.

a) T0
P case b) T1

P case

Fig. 7 Comparison between the in-plane εxx(0, b/2, 0) and out-of-plane εzz(a/2, b/2, 0) normal strains of a thin and thick plate. The results are related
to the N = 3 analysis for both the T0

P and T1
P cases.

a) Linear order

b) Higher order

Fig. 8 Meaning of the Murakami zig–zag function.

The geometrical meaning of M(z) is given in Fig. 8. The displace-
ment field of Eq. (21) is enhanced to include the ZZ effect, as in the
following:

u = u0 + (−1)kζkuZ + zr ur , r = 1, 2, . . . , N (27)

The subscript uz refers to the additional variables related to the
zig–zag terms. Two cases have been represented in Fig. 8. The dis-
placement model is written in a unified form as

u = Ft ut + Fbub + Fr ur + Fτ uτ , τ = t, b, r

r = 1, 2, . . . , N (28)

The subscript b denotes values related to the plate reference surface
�(ub = u0) while the subscript t refers to the included zig–zag term
(ut = uz). The Fτ functions therefore assume the following explicit
forms:

Fb = 1, Ft = M(z), Fr = zr , r = 1, 2, . . . , N

These theories are denoted as ZZ-N = 1, . . . ZZ-N = 3, ZZ-
N = 1d, . . . ,ZZ-N = 3d; these correspond to the N = 1, . . . , N = 3
and N1d, . . . , N3d of Sec. II, respectively.

Incorporation of ZZ and IC via RMVT
A possible way of addressing the complete and a priori fulfill-

ment of the zig–zag effect and interlaminar continuity is to refer
to Reissner mixed variational theorem (RMVT) applications.25,30
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According to RMVT statements, displacements u and transverse
stresses σn = (σxz, σyz, σzz) can be independently assumed. As dis-
cussed in Ref. 25, transverse stresses demand a Legendre layerwise
expansion, whereas both Taylor and Legendre expansions could be
used for the displacements unknowns. The case in which a Taylor
expansion is used for displacement, whereas a Legendre expansion
is employed for transverse stresses has here been considered. The
zig–zag models in Eq. (26) are used for displacement variables.
Transverse stresses instead take the following layerwise form:

σk
nM = Ftσ

k
nt + Fbσ

k
nb + Frσ

k
nr = Fτσ

k
nτ , k = 1, 2, . . . , Nl

(29)

In contrast to Eq. (28), the subscripts t and b here denote values
related to the layer top and bottom surface, respectively. They consist
of the linear part of the expansion. The thickness functions Fτ (ζk)
have been defined by

Ft = (P0 + P1)/2, Fb = (P0 − P1)/2, Fr = Pr − Pr − 2

r = 2, 3, . . . , N (30)

in which Pj = Pj (ζk) is the Legendre polynomial of the j order
defined in the ζk domain: −1 ≤ ζk ≤ 1. Linear up-to-fourth-order
expansions are used in the numerical investigations; the related poly-
nomials are

P0 = 1, P1 = ζk, P2 = (
3ζ 2

k − 1
)/

2

P3 = 5ζ 3
k

/
2 − 3ζk/2, P4 = 35ζ 4

k

/
8 − 15ζ 2

k

/
4 + 3

8

The chosen functions have the following properties:

ζk =
{

1 : Ft = 1; Fb = 0; Fr = 0

−1 : Ft = 0; Fb = 1; Fr = 0 (31)

The top and bottom values have been used as unknown variables.
The interlaminar transverse shear and normal stress continuity can
therefore be easily linked:

σk
nt = σ(k + 1)

nb , k = 1, Nl − 1 (32)

In those cases in which top/bottom-plate stress values are prescribed
(zero or imposed values), the following additional equilibrium con-
ditions must be accounted for:

σ1
nb = σ̄nb, σ

Nl
nt = σ̄nt (33)

where the overbar is the imposed values in correspondence to the
plate boundary surfaces. (These have been assumed zero in what
follows.)

Layerwise Mixed Theories LM4
A reference three-dimensional solution is not available in most

of the analysis conducted in this paper. A previous work by the
author25 has shown that a layerwise mixed theory with four-order
expansion in each layer, which was denoted as LM4, furnishes quasi-
three-dimensional solutions for thermal stress and strain analysis of
laminated structures. This theory uses a Legendre-based expansion
for both the transverse stress and displacement variables,

uk = Ft uk
t + Fbuk

b + Fr uk
r = Fτ uk

τ , τ = t, b, r, r = 2, 3, 4

σk
nM = Ftσ

k
nt + Fbσ

k
nb + Frσ

k
nr = Fτσ

k
nT , k = 1, 2, . . . , Nl

(34)

LM4 results are used in this paper as the reference solution.

Table 2 Transverse normal strain effects on the displacement and
transverse shear stress of a multilayered plate made of two layers of

isotropic material [analysis of the order of expansion on the accuracy
of the considered theories: the square-plate problem; thick-plate

results (a/h = 4) related to the T1
P case]

ux (0, b/2, 0) × a/h σxz(0, b/2, h/4) × (a/h)2

Theory εzz �= 0 εzz = 0 εzz �= 0 εzz = 0

Three-dimensional 0.1103E−4 —— 0.1782 ——
LM4

Classical theories
CLT —— 0.1854E−4 —— 0.3853
N = 1 0.1543E−4 0.1854E−4 0.3847 0.3853
N = 2 0.1069E−4 0.1768E−4 0.3348 0.3583
N = 3 0.1127E−4 0.1767E−4 0.1927 0.3583
N = 4 0.1101E−4 0.1698E−4 0.1882 0.3414

Classical theories including MZZF
N = 1 0.1047E−4 0.1682E−4 0.2355 0.3495
N = 2 0.9673E−5 0.1682E−4 0.3135 0.3495
N = 3 0.1087E−4 0.1681E−4 0.1886 0.3492

Advanced theories including ZZ and IC
N = 1 0.9889E−5 0.1653E−4 0.1871 0.3447
N = 2 0.9407E−5 0.1653E−4 0.3085 0.3442
N = 3 0.1080E−4 0.1671E−4 0.1889 0.3475

B. Results
Multilayered Plates Made of Two Layers of Different Isotropic Materials

The plate is constituted by two layers (with equal thickness) of dif-
ferent isotropic materials. The first material is the same as Sec. II.B,
the second one is a titanium MIL-T-9047 whose thermomechani-
cal data are taken from Ref. 7: E = 107,000 MPa, ν = 0.32, and
α = 9.4.E–6 T/K.

A thick plate has been considered in Table 2. In-plane displace-
ments and transverse shear stress are considered. Attention has been
restricted to the T 1

P -case. A quasi-three-dimensional solution, ob-
tained from the layerwise mixed theory with fourth-order expansion
(LM4), is quoted for comparison purposes. The transverse normal
strain effect is evaluated for the whole multilayered plate modeling
that was described earlier. The following comments can be made:

1) More benefits are obtained by increasing the order N with
respect to the one layered plate of Sec. II for both stress and dis-
placement evaluations. However, these benefits are not effective if
εzz is discarded in the calculations.

2) Refined and advanced mixed theories improve the results re-
lated to classical and HOT theories. N increasing the LM4 results
are approached. However, advanced mixed theories that discard εzz

can lead to poorer results than classical plate theories which account
for εzz . For instance, the value σ̄zz = 0.3475 is obtained if the ad-
vanced mixed theory corresponding to N = 3 is employed and εzz

is discarded, while the value σ̄zz = 0.1882 (which is much closer to
the LM4 value σ̄xz = 0.1782) is obtained if a HOT corresponding to
N = 3 and including εzz is employed. This fact clearly confirms KR
for thermal stress analysis of laminated plates.

Through-the-thickness distribution of displacements and stresses
related to the various plate theories are compared in Figs. 9 and
10. The suffix ZZ denotes an improved HOT that includes MZZF,
whereas the suffix ZZ-IC denotes advanced mixed theories that de-
scribe both the ZZ effect and fulfill interlaminar continuity of both
the transverse shear and normal stresses. Asymmetrical distributions
are caused by asymmetrical layouts. The N = 1 analysis is ineffec-
tive even though εzz is accounted for. This is because of the linear
form of T 1

p , as stated in S2. Third-order theories accounting for
εzz lead to a quite accurate description of stress and displacements
fields. The best results are those obtained using the advanced mixed
theories. Larger differences among the different theories should be
registered for stress evaluations with respect to the displacement
ones. It has been confirmed that very inaccurate results are obtained
in both cases of classic and refined theories when transverse normal
strains are discarded.
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a) uz (0, b/2, z) ×× (a/h)2 b) σxz (a/2, b/2, z) ×× (a/h)2

Fig. 9 Table 2 problem: analysis of the εzz effect on the accuracy of classical and refined theories with only displacement unknowns.

a) uz (a/2, b/2, z) ×× (a/h)2 b) σxz (a/2, b/2, z) ×× (a/h)2

Fig. 10 Table 2 problem: analysis of the εzz effect on the accuracy of advanced theories describing both ZZ and IC.

Multilayered Plates Constituted by Composite Materials

The multilayered plates used by Bhaskar et al.12 are considered
in this section. The thermomechanical properties of the lamina are12

EL/ET = 25, GLT/ET = 0.5, GTT/ET = 0.2

νLT = νTT = 0.25, αT /αL = 1125

KL = 36.42 W/mC−1, KT = 0.96 W/mC−1

where L and T refer to directions parallel and perpendicular, re-
spectively, to the fibers (see Ref. 27 for notations). KL and KT

are the thermal conductivity coefficients that were used in Refs. 8
and 9 to compute the temperature profile that is considered at the
end of this paragraph. A cross-ply, symmetrically laminated case
0/90/0 was considered for all of the treated problems. The deflection
and stresses are presented in terms of the following dimensionless
parameters:

ūx = ux (0, a/2, h/2)

(αL T0a)
, ūz = uz(0, a/2, h/2)

(
αL T0a2

)

σ̄xz = σxz(0, a/2, h/6)

(ET αL T0)

The theories are compared in Tables 3 and 4 for thick and thin
plates, respectively. The inaccuracy of plate theories that discard
εzz is again confirmed for the analysis of both thick and thin plates.
The displacement and stress distributions are compared in Figs. 11
and 12. The case of linear TP is considered in these latter fig-
ures, whereas the case of constant temperature profile T 0

P is con-
sidered in Fig. 13. This last case was not addressed in Ref. 12.
The higher transverse shear and normal flexibility of the lamina
lead to larger differences among the different theories compared
to the isotropic materials that were considered in the preceding
analysis.

However as discussed in the Introduction, the temperature pro-
file is a result of a heat-conduction problem.8 As show in Fig. 14,
which is taken from Ref. 9, the calculated temperature profile T 1c

P
can differ considerably from the assumed linear T 1

P ones. The two
profiles merge if, and only if, thin plates are analyzed. Large dif-
ferences instead arise in thick (a/h = 4) and very thick (a/h = 2)
plate geometries. The transverse normal strain effects for the two
T 1c

P and T 1c
P cases have also been evaluated in Fig. 15. Transverse

shear-stress values were compared. Attention has been restricted
to classical theories with a cubic displacement field (N = 3). The
N3 results referring to T 1c

P should be considered the most realistic
analysis. Lower stresses are obtained for this case. The funda-
mental role of εzz is also confirmed for this problem. Transverse
displacement evaluations of various classical theories are given
in Table 5. It can be concluded that the accurate evaluation of
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a) ūx b) σ̄xz

Fig. 11 Multilayered composite plates: effects of εzz on the displacement and stress of classical and refined theories; thick (a/h = 4) plate for the T1
P

case.

a) ūx b) σ̄xz

Fig. 12 As in Fig. 11 but for the case of advanced mixed theories.

a) ūz b) σ̄xz

Fig. 13 Multilayered composite plates: effects of εzz on the displacement and stress of classical and refined theories; thick (a/h = 4) plate for the T0
P

case.
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Table 3 Multilayered composite plates: effects of εzz on the various
theories; thick plate (a/h = 4); T1

P case

ūx σ̄xz

Theory εzz �= 0 εzz = 0 εzz �= 0 εzz = 0

Three dimensional12 18.11 —— 84.81 ——
Three-dimensional LM4 18.11 —— 84.81 ——

Classical theories
CLT —— 25.22 —— 230.33
N = 1 17.03 17.03 144.23 144.23
N = 2 10.35 17.03 116.24 144.23
N = 3 18.19 23.08 88.62 121.84
N = 4 18.20 23.08 88.64 121.84

Classical theories including MZZF
N = 1 21.36 21.36 118.60 118.60
N = 2 14.92 21.36 89.09 118.60
N = 3 17.87 22.65 83.27 113.30

Advanced theories including ZZ and IC
N = 1 20.76 20.76 116.28 116.28
N = 2 14.53 20.09 89.04 118.54
N = 3 17.75 22.57 83.81 113.90

Table 4 Thin-plate case (a/h = 100)

ūx σ̄xz

Theory εzz �= 0 εzz = 0 εzz �= 0 εzz = 0

Three dimensional12 16.00 —— 7.073 ——
Three-dimensional LM4 16.00 —— 7.073 ——

Classical theories
CLT —— 25.22 —— 9.213
N = 1 25.20 25.20 9.204 9.204
N = 2 15.98 25.20 7.079 9.204
N = 3 15.60 25.21 7.075 9.20
N = 4 15.60 25.22 7.075 9.20

Classical theories including MZZF
N = 1 25.21 25.21 9.20 9.20
N = 2 15.99 25.21 7.074 9.20
N = 3 16.00 25.22 7.073 9.20

Classical theories including MZZF
N = 1 25.21 25.21 9.20 9.20
N = 2 15.60 25.21 7.074 9.20
N = 3 15.60 25.22 7.073 9.20

Table 5 Multilayered plate problems: effect of εzz on the transverse
displacement ūz of various theories and plate thickness for the two

cases of the assigned T1
P and calculated T1c

P temperature profiles

N = 1 N = 2 N = 3

a/h εzz �= 0 εzz = 0 εzz �= 0 εzz = 0 εzz �= 0 εzz = 0 CLT

Case of T 1c
P assigned

2 98.215 50.544 98.150 50.544 83.471 42.714 42.714
4 42.048 35.830 42.040 35.830 34.740 30.417 30.417
10 16.901 21.181 16.901 21.181 10.958 19.452 19.451
100 10.253 16.114 10.253 16.114 10.230 16.093 16.093

Case of T 1
P calculated

2 26.087 3.7680 25.786 13.754 6.223 3.184 3.184
4 5.8251 15.388 29.333 25.079 14.920 13.063 13.063
10 13.871 18.166 15.906 19.926 12.828 16.682 16.682
100 10.237 16.114 10.246 16.104 10.214 16.068 16.068

a temperature profile can be meaningless unless transverse nor-
mal strains are discarded in the formulation and vice versa. As
far as this is concerned, the following should be remarked: al-
though the differences between the results related to calculated
and assigned temperature profiles disappear in thin plate anal-
ysis, the differences between the results discarding and includ-
ing εzz preserve the same order of magnitude for thin and thick
plates.

Fig. 14 Multilayered composite plates: calculated temperature profile
for the various thickness ratios.

Fig. 15 Multilayered composite plates: effects of εzz on σ̄xz as a result
of the calculated and assigned temperature profiles; thick plate (a/h = 4),
N = 3 case.

IV. Conclusions
The paper has analyzed the effect of transverse normal strain

in homogeneous and multilayered plates. Classical, refined, and
advanced mixed theories have been considered. Three sample
problems have been investigated: a one-layered plate consisting
of isotropic materials, a two-layered plate made of two different
isotropic materials, and a three-layered cross-ply laminated com-
posites plate. It has been confirmed that any refinements of classical
models are meaningless, in general, unless the effects of transverse
shear and normal strains are both taken into account in a plate the-
ory. Furthermore, 1) transverse normal strains cannot be discarded
even though thin plates are considered, and 2) enhancements direct
toward improving a description of temperature profile in the plate
thickness direction are meaningless, unless transverse normal strains
are taken into account in homogeneous and multilayered plates and
vice versa.

The present work has only directed toward pure thermal stress
evaluations. In practical applications, panels are subjected to
combined thermomechanical loadings. For those cases in which
most of the stresses and strains are as a result of the mechanical
fields, the conclusions already mentioned could be omitted. For
those cases in which thermal stresses play a predominant role, the
conclusions already mentioned should be taken into account.
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